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The numerical simulation and modeling of plasma detachment from a
magnetic nozzle is presented. The detachment problem is of key importance to
the plasma-based propulsion concepts that employ a guiding magnetic field to
control plasma flow and motivated by the needs of the VASIMR (Variable Spe-
cific Impulse Magnetoplasma Rocket) project. The detachment of the plasma
exhaust is required to produce directed thrust. In the present scenario plasma
can stretch the magnetic field lines to infinity, similar to the solar wind. In
order to extend the magnetic nozzle model beyond the limitations of analytic
theory, a numerical code is developed to simulate steady-state kinetic plasma
flows and to evaluate nozzle efficiency. The direct solution of a steady-state
problem, as opposed to an initial value problem, eliminates the need to deal
with transient phenomena that are of secondary importance for continuously
operated plasma thrusters. The new simulation code is verified against the
analytic results and then used to model the plasma behaviour for the condi-
tions of the Detachment Demonstration Experiment (DDEX) at the NASA





List of Tables viii
List of Figures ix
Chapter 1. Introduction 1
1.1 Plasma-based propulsion concept . . . . . . . . . . . . . . . . 1
1.2 Magnetic nozzle and detachment issue . . . . . . . . . . . . . . 4
Chapter 2. Magnetic Nozzle Model Formulation 8
2.1 Governing equations for the steady-state plasma flow . . . . . 8
2.2 Paraxial approximation . . . . . . . . . . . . . . . . . . . . . . 14
2.3 No ion magnetic moment spread limit . . . . . . . . . . . . . . 17
2.4 Magnetic field outside the plasma . . . . . . . . . . . . . . . . 19
Chapter 3. Numerical scheme details 21
3.1 Numerical implementation of the plasma equations . . . . . . . 22
3.2 Numerical implementation of the vacuum magnetic field solver 27
Chapter 4. Code benchmarking and simulation results 30
4.1 Benchmarking . . . . . . . . . . . . . . . . . . . . . . . . . . . 30
4.2 Numerical examples of plasma detachment . . . . . . . . . . . 38
4.3 Nozzle efficiency . . . . . . . . . . . . . . . . . . . . . . . . . . 40
4.4 Detachment Demonstration Experiment
simulation . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 45
Chapter 5. Conclusions 55
vi
Appendices 57
Appendix A. Magnetic field line label 58
Appendix B. Magnetic field of the current coil encircling an
ideally conducting rod 60








4.1 The geometry of a conical nozzle. The nozzle wall is shown
as a thick solid line. The rarefaction wave (hatched region) is
bounded by the inner front line r = rrw(z) (the outer boundary
of an unperturbed plasma flow) and outer front line r = rpv(z)
(plasma-vacuum boundary). . . . . . . . . . . . . . . . . . . . 32
4.2 Analytical solution for a highly super-Alfvénic cold plasma flow
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The exploration of space is one of the most important directions of hu-
man technological activity. It has expanded the horizon of scientific knowledge
and lead to many direct and indirect benefits for mankind. The key element
of successful space exploration is efficient and reliable propulsion technology.
Since the beginning of the spaceflight era, the conventional chemical rocketry
has been used to launch spacecrafts and correct their positions in orbit. While
it works fine for the ground launch (and there is no real alternative) and orbital
maneuvering, it has several limitations and drawbacks for the interplanetary
travel. For the manned missions beyond Earth’s orbit, a relevant spaceship
must be fast and it should have reasonable abort options for crew safety. The
travel time must be minimized in order to reduce the effects of the long space
travel hazards like radiation, weightlessness and various psychological difficul-
ties [39]. It is also desirable to have a thruster with low propellant consumption
in order to cut down on propellant weight and increase useful payload.
1.1 Plasma-based propulsion concept
The above-mentioned requirements can be met by using devices with a
continuous thrust such as high power plasma-based electric propulsion systems.
A conventional chemical rocket accelerates in a short burst in the beginning
of the journey and then follows a ballistic trajectory to the point of final
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destination. In contrast with this, a spacecraft with a continuous thrust would
spend roughly half of the travel time accelerating and the other half slowing
down. Such a spacecraft is not constrained to a ballistic trajectory, so that its
trajectory can be optimized in order to decrease the travel time. It is essential
that continuous thrust gives the option of aborting the mission and returning
back from early in the flight. Plasma-based propulsion systems are not only
capable of providing continuous thrust, but they also allow one to vary the
exhaust velocity. A system with a variable velocity can handle both the cruise
phase of the journey and the maneuvering near the origin and destination
planets. This characteristic makes plasma-based systems even more attractive.
In the assumption of fixed exhaust velocity, the thrust developed by the
rocket is equal to T = (dM/dt)vex or in terms of specific impulse (change in
momentum per unit amount of propellant used) T = (dM/dt)g0Isp, where g0 is
the gravitational acceleration at the earths surface and dM/dt is the propellant
consumption rate. Therefore, by increasing the specific impulse (or exhaust
velocity), a propulsion system can be made more propellant-efficient without
sacrificing the thrust level. While a standard chemical rocket (e.g. the space
shuttle main engine) produces a maximum Isp of 460 s [20], electric thrusters,
such as the ion thrusters [28], can produce Isp several orders of magnitude
higher. Thus, larger payloads are possible since less propellant mass need be
used for a given mission. (For example, Mars mission is required to carry 85%
of its weight as fuel with conventional 300 s rocket, vs. 15% for a 3000 s Isp
electric propulsion thruster [27]).
In a chemical rocket, the exhaust velocity is related to the combustion
temperature. This temperature is limited by the energy stored in the chem-
ical bonds of the reactants, which does not exceed a few electron volts (eV).
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A significant increase in the exhaust velocity would require at least 10 eV
per particle. At these energies ionization occurs, so that one has to consider
plasma as a propellant. The energy required to produce a single electron-ion
pair considerably exceeds the ionization potential, because the ionization is
unavoidably accompanied by excitation and atomic line radiation. The ki-
netic energy of ions in the exhaust should be significantly above the ionization
potential, since only in this case the major part of the energy will go into
ion acceleration rather than into plasma production. The most favorable en-
ergy range per particle for plasma-based propulsion systems is in a range of
hundreds of electron volts.
A chemical rocket propellant consists of both a fuel and an oxidizer
and it is simultaneously the source of energy and a working substance (its
combustion products) for expending energy. In contrast, the plasma-based
systems utilize the propellant only as a working substance and low propellant
consumption is achieved through high energy consumption, where the energy
is provided by a separate power supply.
The present power sources deployed in the space, such as solar arrays,
can provide the levels of power in 10-100kW range [38] which is not enough
for the full scale thruster capable of interplanetary missions. An energy source
that can release more than a hundred electron volts per fuel particle is needed.
Otherwise, the mass of the energy source alone is going to be higher than
the propellant mass. The only way to achieve this level of energy density is
through the nuclear reaction. For this reason, a fission nuclear reactor would
be a relevant energy source for plasma-based thrusters. The liquid metal (lead-
bismuth eutectic) cooled fast neutron reactors, which have relatively light and
compact design, can be potentially deployed as an energy source providing the
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power output in the range of 10 - 100 MW [35].
1.2 Magnetic nozzle and detachment issue
An important feature of some high-power plasma thrusters is the pres-
ence of a strong guiding magnetic field forming a magnetic nozzle. The mag-
netic field directs the plasma flow axially, increasing its directed axial energy
and preventing it from expanding radially towards the thruster walls. Some
high powered plasma propulsion concepts employing a magnetic nozzle include
applied-field MPD thrusters [33], fusion rockets, [21, 40] , the Variable Specific
Impulse Magnetoplasma Rocket (VASIMR) [1, 30] and helicon thrusters [9, 34].
In particular, the VASIMR concept provides motivation for the present work
due to its high power and high reliability. It has electrodeless design so that
the thruster lifetime is not limited by the electrode erosion and the scaling to
high power levels is possible.
The use of a strong magnetic field brings up the issue of plasma detach-
ment from the magnetic nozzle [16, 25]. Plasma detachment process is different
from the isolated charged particle detachment in the following way: A single
ion will follow the magnetic field line trajectory if its gyroradius is much less
than the characteristic spatial scale of the magnetic field (magnetized ion),
but it can escape if it is no longer magnetized, i.e. the above condition is
broken. However, for sufficiently dense plasma, ions can only escape together
with electrons due to the plasma quasineutrality condition. The electrons have
a much smaller gyroradius than the ions and can remain tied to magnetic field
lines even when the ions are not magnetized, which makes it more difficult
for ions to escape. One common concern is that the plasma flow may not
be able to break-free from the thruster to produce thrust, because the field
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lines generated by the thruster magnets are closed. A failure to detach leads
to inefficient propulsion due to highly divergent exhaust plasma flow. One of
suggested approaches of how to solve this problem was breaking the frozen-in
constraint via recombination [16]. Later it was shown [2, 19], that this issue
can be resolved in the framework of ideal magnetohydrodynamics (MHD) and
the efficient detachment is possible for a sufficiently long nozzle. The problem
of a plasma flow in magnetic nozzles has received considerable attention in
the past modeling efforts. This includes significant work associated with theta
pinches and magnetoplasmadynamic (MPD) thrusters [32] [42]. A commonly
accepted approach to such modeling is based on the MHD equations with
either collision dominated or phenomenological transport coefficients. This
approach implies a short mean free path for the plasma particles, which is
typically not the case in the detachment problem because the plasma density
decreases rapidly in the diverging nozzle.
The magnetic nozzle flow can be virtually divided into two regions, de-
pending on the degree of influence of the applied magnetic field on the plasma
flow. The criterion in this case is a ratio of the plasma flow kinetic energy den-
sity εK = nMv
2/2 to the magnetic energy density εB = B
2/(8π) or plasma
β (the more commonly used definition for plasma β uses the thermal energy).
At the nozzle entrance, where the magnetic field reaches its maximum, the
plasma β is small (much less than unity) and the magnetic field, due to the
plasma currents, is negligible compare to the applied magnetic field. Therefore
the plasma particle follows the field lines of the applied guiding magnetic field.
In contrast, for the plasma nozzle exhaust region the plasma β is large due to
the fact that the magnetic field energy density decreases more quickly than
the directed kinetic energy density. This conclusion comes from the magnetic
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flux, plasma flow flux and ion kinetic energy conservation. For example, if
one considers the uniform magnetic field and plasma density across the nozzle
cross-section with the area S then the magnetic flux is BS and flow flux is
niu||S. Hence εB ∼ 1/S2 and εK ∼ 1/S. Thus εB eventually becomes smaller
than εK . Therefore the total magnetic field in the plasma is almost entirely
due to the plasma currents. The magnetic field lines (total magnetic field)
remain frozen into the plasma, as the flow stretches them to infinity (some
amount of the magnetic flux is trapped along the plasma flow). In this case
the plasma particle trajectories no longer follow the applied magnetic field
lines. This is similar to what occurs in the solar wind as it moves away from
the Sun [26].
The plasma β is directly related to the Alfvénic Mach number MA, or








where vA = B/
√
4πnmi is the Alfvén velocity, mi is the plasma ion mass, n
and v plasma flow density and velocity correspondingly. The transition from
low plasma β to high β is equivalent to flow acceleration from sub-Alfvénic
to super-Alfvénic velocities and it is analogous to the de Laval nozzle in gas-
dynamics with subsonic to supersonic transition.
In addition to the detachment, the other function of the magnetic nozzle
is the conversion of the ion gyromotion energy to the directed flow energy.
Under the assumption that the total ion kinetic energy K = mv2/2 and the ion
magnetic moment µ = mv2⊥/(2B) are conserved, the nozzle transforms the ion
gyromotion into the axial motion, accelerating the plasma flow. In the case of
VASIMR, the incoming plasma flow is produced by an ion cyclotron resonance
heating (ICRH) module that deposits energy directly into ion gyromotion.
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The objective of the present work is to generalize the detachment model
of Ref. [2] to the case of kinetic ions and to develop a numerical code that
could serve as a design tool to evaluate and optimize the nozzle efficiency.
The kinetic treatment is necessary since the cold ion approximation in Ref.
[2] is only applicable to the case of sufficiently small ion velocity spread. For
example, the plasma flow entering the ICRH module of VASIMR typically has
a significant spread in the ion axial velocities. This spread may translate into
a spread in the ion gyroenergies depending on specific conditions of single-pass
ICRH scheme [1, 7].
In Chapter 2 the set of basic equations for the steady-state paraxial
flow in magnetic nozzle is formulated. In Chapter 3 the numerical procedure
description is presented. In Chapter 4 the numerical code is benchmarked
against the analytical solution for flow in the conical nozzle with rarefaction
wave at the edge of the plasma plume. It is followed by more plasma flow
simulations for the cases that are not analytically treatable and, finally, the
model of the plasma plume in a recent Detachment Demonstration Experiment
(DDEX) at the NASA Marshall Space Flight Center [3, 10] is presented.
The key results of the thesis were published in Refs. [6, 12] and pre-
sented at the following conferences: 49th Annual Meeting of the Division of




Magnetic Nozzle Model Formulation
The magnetic nozzle consists of the plasma flow and the surrounding
vacuum region with a guiding magnetic field generated by the system of cur-
rent coils. It is convenient to solve the problem in the plasma and vacuum
separately and then match the solutions at the plasma-vacuum interface using
the proper boundary conditions. This approach is motivated by the fact that
it is hard to solve the plasma equations in the regions with very low (zero)
density which formally leads to infinite Alfvén velocities. Therefore we for-
mulate two sets of governing equations describing the plasma and the vacuum
region with external current sources.
2.1 Governing equations for the steady-state plasma
flow
We start with Vlasov-Maxwell equations for collisionless plasma. We
consider a preformed steady-state supersonic plasma flow that consists of ener-
getic ions and cold electrons. When the flow is strongly supersonic, the electron
pressure is naturally less important than the dynamic pressure of ions, and the
same argument applies to the ambipolar electric field. It should be noted that
the electric field is nevertheless important during transition stage from sub- to
supersonic flow which is direct consequence of the ambipolar acceleration. The
high electron conductivity along the magnetic field lines results in the absence
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of the parallel electric field. Considering the incoming plasma flow without
macroscopic rotation, or equivalently without an E × B drift, we neglect the
transverse component (with respect to magnetic field) of the electric field.
The resulting steady-state Vlasov equation for the ion distribution func-
tion fi has the form:
miv · ∇fi +
qi
c
[v × B] · ∇vfi = 0. (2.1)
The Vlasov equation for cold electrons with zero inertia is
qe
c
[v × B] · ∇vfe = 0. (2.2)
The Maxwell equations require that the magnetic field B is divergence-
free,
∇ · B = 0, (2.3)













where qi = Ze and qe = −e are the ion and electron charge correspondingly,
Z is the ion charge number.
Equations (2.1) - (2.4) conserve mass and momentum. Using the gen-
eral transport equation technique for the averaged macroscopic properties [4],


































3v = 0. (2.8)
We find from Eq. (2.8) that the cold electrons have no macroscopic
velocity (carry no current) across the magnetic field. The cross-field current
















B × [∇×B] = 0. (2.10)
Taking into account the Eq. (2.3) we come to the the following momentum















is the ion momentum flux tensor that includes both the flux associated with
the directed flow and the flux associated with the ion velocity spread (ion
pressure).
The concept of a magnetic nozzle implies that the applied magnetic
field is sufficiently strong to hold ions (and electrons) in orbits around the
magnetic field lines (guiding center theory [29]). The ion velocity vector can
be represented as
v = v⊥ cosψxb + v⊥ sinψyb + v||b (2.13)
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in the local cylindrical coordinate system at the given location on the magnetic
field line, where b is the unit vector in the direction of the local magnetic
field, xb, yb are unit coordinate vectors in the plane perpendicular to the local
magnetic field and ψ is the gyroangle in the velocity space.
Assuming that the ions are magnetized, so that their Larmor radii
remain much smaller than the plasma radius, the ion distribution function can
be viewed as independent of the gyroangle in the velocity space. Under this
assumption the non-diagonal elements of the ion momentum flux tensor vanish








In this limit, we have





where I is the identity tensor
I = xbxb + ybyb + bb, (2.16)





v2⊥ 〈fi〉 d3v, (2.17)
Π‖ ≡ mi
∫
v2‖ 〈fi〉 d3v, (2.18)
where d3v = 2πv⊥dv⊥dv||. It should be noted that the local coordinate system
in the velocity space implies the space dependence of the velocity components.













are invariants in the guiding center motion therefore they are constant along
the magnetic field lines
(b · ∇)µ = 0, (b · ∇) ε = 0. (2.21)
Changing the integration variables in expressions (2.17) and (2.18) from v⊥
and v|| to ε and µ, i.e.,



































ε− µB 〈fi〉 dµdε. (2.24)
Taking the projection along the magnetic field line for the Eq. (2.7) we
can write the following relation for the ion momentum flux tensor:
b · (∇ · Π) = 0. (2.25)
Substituting the tensor components Π|| and Π⊥ we have




(∇ · b) = 0. (2.26)
The Eq. (2.26) can be rewritten in terms of derivatives along the magnetic field
lines only (Appendix A), using the Eq. (2.3) expressed through the magnetic
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unit vector b = B/|B| and the magnetic field magnitude B = |B| which has
the following form










(b · ∇)B = 0. (2.28)
Replacing the Π⊥ and Π|| with their functional forms (2.24) and (2.23)
in Eq. (2.28) we obtain
∫
√
ε− µB (b · ∇) 〈fi〉 dµdε = 0. (2.29)
Therefore, the gyroaveraged distribution function is constant along the
magnetic field lines, i.e.
miv‖ (b · ∇) 〈fi〉 = 0. (2.30)
Eq. (2.30) is a version of the drift-kinetic equation [18]. Eq. (2.30) can be
also viewed as gyroaveraged stationary Vlasov equation known from the lowest
order guiding center theory. Eq. (2.30) can be directly obtained by the inte-
gration of the Eq. (2.1) over the gyroangle and using the assumption about the
small Larmor radius. This lowest order solution 〈fi〉 is apparently independent
of gyrophase. As a result, it does not contribute to the ion current defined by
Eq. (2.9). The ion current is determined by the small gyrophase-dependent
corrections to the distribution function, associated with the curvature drift and
the diamagnetic drift. These small current-carrying corrections can be safely
neglected in expressions (2.17) and (2.18) for the momentum flux tensor.







+ (b (b · ∇) + (b · ∇)b)
(






Using Eq. (2.26) and (2.27) we rewrite the Eq. (2.31) in the following form












(b · ∇)b = 0. (2.32)
where the first term contains the derivative normal to the field lines. The
Eqs. (2.32) and (2.27) along with the conservation equations Eqs. (2.21)
and (2.30) (subject to appropriate boundary conditions) determine the self-
consistent configuration of the magnetic field in the plasma flow.
2.2 Paraxial approximation
The above described model can be tailored to the case of most prac-
tical interest, a nozzle that produces a well-directed plasma flow. The latter
implies that the radial component of the magnetic field in the plasma is much
smaller than the axial component of the field. It also implies that the plasma
flow is highly super-Alfvénic at the nozzle exit. Violation of any of these two
conditions will clearly degrade the nozzle efficiency. Our goal then is to ensure
that the model is sufficiently accurate in the regimes where both conditions
are satisfied. This will allow us to quantify the nozzle efficiency in the most
relevant parameter range. The model will be less accurate at low efficien-
cies, but these regimes are of little interest anyway. Yet, even without being
quantitative with regard to inefficient nozzles, the model can still serve as an
indicator of what parameter range to avoid.
Guided by these thoughts, we simplify Eq. (2.32) by neglecting the
term (Π⊥ +B
2/4π) (b · ∇)b compared to (∇− b (b · ∇)) (Π⊥ +B2/8π), as
we assume that the radial spatial scale is much shorter than the axial scale
in a well-directed flow. We still keep the term Π‖ (b · ∇)b in this equation
because the parallel component of the momentum flux tensor exceeds B2/8π
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in a highly super-Alfvénic flow. Moreover, the term Π‖ (b · ∇)b eventually
becomes the dominant one in Eq. (2.32) as both the magnetic pressure and
Π⊥ decrease downstream faster than Π||. The fast decrease of Π⊥ results from
the conservation of magnetic moment for magnetized ions. Considering the
axisymmetric geometry of the system, the magnetic field therefore has only two
components (axial and radial) b = (Br/B)er + (Bz/B)ez. The corresponding
plasma current has only one (azimuthal) component (transverse to the (r, z)
plane of the cylindrical coordinate system). In this case an additional relevant
approximation is to replace B2 by B2z in all expressions, because the radial
component of the magnetic field gives only a second order correction to B2 in
our problem of interest.
As a result of the described approximations, we finally obtain the fol-




































































The ion distribution function 〈fi〉, the ion magnetic moment µ, the ion kinetic










X = 0, (2.37)
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where X = 〈fi〉 , µ, ε,Φ and the magnetic flux function is:





Hence the ion distribution function is the function of Φ, µ, ε only:
〈fi〉 = F (Φ, µ, ε). (2.39)
The plasma flow characteristics, the ion density and the ion current
























〈fi〉 (Φ, µ, ε)dµdε. (2.41)
From Eq. (2.41) we can derive that the quantity Ji/Bz is conserved along the














which is a consequence of the ion mass flux and magnetic flux conservation.
Let us now consider some simple plasma flow configurations which are
governed by the system (2.33) and (2.34). The simplest incoming flow with an
axially symmetric magnetic configuration is the cylindrical flow. In this case
















i.e. total pressure is radially uniform.
Another simple flow is a conical flow where the magnetic field lines are





















The total pressure in this flow is radially uniform as in the cylindrical flow
case, as follows from (2.34). In the case of zero transverse ion kinetic energy
we have a radially uniform axial magnetic field profile, i.e. ∂Bz/∂r = 0. From
(2.46) we then obtain:




where z0 is some axial position with known radial profile of axial magnetic
field Bz.
2.3 No ion magnetic moment spread limit
Equations (2.33)-(2.34) reduce to paraxial ideal MHD equations with
anisotropic pressure if all ions on a given magnetic flux surface have the same
energy ε∗ and the same magnetic moment µ∗, so the ion distribution function
has the following form:
〈fi〉 = F (Φ)δ (µ− µ∗) δ (ε− ε∗) . (2.48)





























ε∗ − µ∗Bz. (2.51)




Π⊥ = niµ∗Bz. (2.53)























Equations (2.33) and (2.54) determine the self-consistent configuration of a
paraxial magnetic field in the plasma flow. In the absence of gyromotion
(µ∗ = 0), this set of equations is equivalent to the paraxial MHD description








































The Eqs. (2.56), (2.57) offer the simple way to calculate the flow density
and velocity profiles in the nozzle region where the plasma currents do not
significantly distort the external field configuration.
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2.4 Magnetic field outside the plasma
As already pointed out, our goal is to simulate a well directed plasma
flow, which implies that the field lines in the plasma are paraxial (both in-
side the nozzle and in the outgoing plasma plume). This regime requires the
guiding magnetic field generated by the external coils to be paraxial inside
the nozzle. However, the field lines are not necessarily paraxial in the vac-
uum region outside the plasma plume. This vacuum magnetic field is essential
to our problem because it determines the boundary condition at the plasma-
vacuum interface. The location of the plasma boundary needs to be found
self-consistently, which couples the equations for magnetic field in the plasma
to the equations for the vacuum field.
The stability of the plasma-vacuum interface implies the total pressure
























z is the vacuum magnetic field and r = rpv(z) is the curve that
determines the plasma-vacuum interface position.
In order to find the vacuum magnetic field let us consider a magneto-
static problem for the magnetic field from the system of coils in presence of
plasma flow in axisymmetric geometry. The equation for the magnetic vector




where ∇2A is the vector Laplacian and the Coulomb gauge ∇ ·A = 0 is used.
The current source is the axially symmetric system of coils. Therefore the
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current has only azimuthal component. In cylindrical coordinate system we


















where A = A(r, z)eφ, J = J(r, z)eφ and eφ is the azimuthal unit vector. The











Since, under our assumptions, the magnetic field lines are frozen into
the plasma, they can not cross the boundary and are therefore tangential to







where npv is the unit vector normal to the boundary (defined by the parametric















The vacuum magnetic field problem has analytical solution in case of
cylindrical plasma flow and can be represented as a superposition of the mag-
netic fields from the system of coils encircling an ideally conducting rod with
cylindrical cross section. The solution can be obtained from the variable sep-
aration in cylindrical coordinates and can be presented in the form of integral




Once the model equations along with the corresponding boundary con-
ditions are formulated, the next important step is to choose the appropriate
numerical technique to solve the problem. As it is mentioned in the Chapter 2,
the problem is split into the plasma and vacuum domains which are computed
separately and the solutions are matched at the plasma-vacuum interface using
the boundary conditions. Since the position of the plasma-vacuum boundary
is not known a priori, an iterative procedure is required to determine it. The
initial step is to calculate the vacuum magnetic field for a given configura-
tion of the external coils with cylindrical plasma flow with radius rp. Hence
the magnetic field at the plasma-vacuum interface to the lowest order can be
found. The next step now is to solve the plasma equations using this magnetic
field as a boundary condition. This solution gives us the magnetic field in the
plasma together with a corrected location of the plasma boundary r = rpv(z).
The initial step presents a good approximation for the vacuum magnetic field
outside a slowly diverging flow. The knowledge of the plasma boundary allows
us to continue iterations. The described iterative procedure can be continued
to achieve desired precision.
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3.1 Numerical implementation of the plasma equations
The simulation of the plasma equations (2.33), (2.34) employ a La-
grangian grid associated with magnetic flux surfaces in the plasma. An im-
portant advantage of this grid is that it makes it particularly easy to trace
the plasma-vacuum interface and to implement the corresponding boundary
condition [42]. This grid is also convenient because the plasma radius increases
considerably downstream from the nozzle exit.
The magnetic field components can be expressed using the magnetic













The magnetic flux function Φ labels the magnetic flux surface (or magnetic
field line surface, Appendix A) and therefore can be used as a new coordinate.


































Switching from (r, z) to new variables (Φ, z̃) in equations (2.33), (2.34),
one can obtain the following system of equations (due to trivial transform for
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In the assumption that the radius corresponds to the position of the magnetic
fluid elements the following expression for the axial magnetic field Bz can be










Equations (3.7) - (3.8) have the structure of one-dimensional evolution
equations for the unknown functions r and Br/Bz. We thereby reduce our
steady-state problem to an initial value problem for Eqs. (3.7) - (3.8), with
the coordinate z playing the role of time.
The computation domain in z-direction is bounded by magnetic nozzle
entrance (incoming flow entry point) z0 and the position far from the nozzle
entrance z∞, where the exhaust is fully formed. The initial conditions are set
at z = z0 as Bz0 = Bz(Φ, z0) and (Br/Bz)0 = (Br/Bz)(Φ, z0). If the incoming
flow ion density profile ni0 = ni(Φ, z0) is given at z0 instead of Bz0 then the
Bz0 can be found from the incoming flow configuration information. It is
convenient to rewrite all expressions that depend on the distribution function
in the form which is independent of its normalization. Using the ion density ni0












































































Let us consider the special class of distribution functions where the spatial
dependence is separated from the energy dependence:
〈fi〉 = F (ε− µBz0, µBz0)G(Φ), (3.13)
where F (ε||, ε⊥) is the energy distribution function. (In the experiment the
ion velocity distribution function can be determined, for example, by Laser
Induced Fluorescence (LIF) technique [31]). In this case we can create the


















ε|| + ε⊥(1 − b)
dε⊥dε||, (3.16)
where b ∈ [0, 1], ε⊥ = µBz0, ε|| = ε − µBz0. Using the above tabulated































Now one can compute the initial condition for the axial field Bz0 as:
Bz0 =
√
B2zv(z0) − 8πni0I⊥(1)/In(1). (3.20)
In the radial direction we form a staggered grid [36] for magnetic flux
surface radii at the entrance position, (r0)j, (r0)j+1/2 ∈ [0, rp], j ∈ [0;N ], where
the rp is the plasma radius in the incoming flow, and the staggered grid forms
N + 1/2 grid cells. It is convenient to consider a uniform flux grid so the flux




















where j ∈ [1, N ], r0 = 0 and rN+1/2 = rp.
We determine r and Br/Bz in integer positions j (cell boundaries) and
the other quantities are computed in half-integer grid points j + 1/2 (cell
centers).
















































where Ptot = Π⊥ + B
2
z/(8π) is the total pressure. The Eq. (3.26) is the no-
penetration boundary condition at the system axis which leads to vanishing
of all vector fields components normal to the non-penetrable surface (r0 = 0
in this case).






, j = 0, 1, . . . , N − 1. (3.27)
The boundary value of the axial magnetic field (Bz)N+1/2 can be ob-















where (Bz)N+1/2 = x(Bz0)N+1/2. The nonlinear equation with respect to x is
solved by Newton-Raphson root finder method at the fixed location z along
the axis. The function B
(v)
z (z) is assumed to be computed independently from
the vacuum magnetic field solution.
The above system can be normalized for the effective numerical imple-
mentation. The values of r0, r and z̃ are normalized over the initial plasma
radius rp. The ion density and z-component of the magnetic field Bz can
be normalized over the peak values of the initial profiles ni0max and Bz0max
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correspondingly. The ion energies can be normalized over the characteristic
magnetic field energy B2z0max/(8πni0max).
The system of Eqs. (3.24), (3.25) is solved using the explicit Runge-
Kutta solver of order (2,3) with Bogacki-Shampine pair [5]. The above de-
scribed Lagrangian one-dimensional scheme does not require ALE (Arbitrary
Lagrangian-Eulerian) style remapping and rezoning stages due to the fact that
the flow under consideration is a supersonic and super-Alfvénic therefore no
shocks or discontinuities appear in the flow.
3.2 Numerical implementation of the vacuum magnetic
field solver
We discretize the vector potential equation using the second-order cen-
tral finite differences:
Ai+1,j − 2Ai,j + Ai−1,j
∆2r
+












The plasma-vacuum interface rpv(z) is stair-step interpolated and all grid nodes
at the interpolated boundary and below are set to zero according to the plasma-
vacuum boundary condition, i.e. Ai,j = 0, i, j ∈ plasma. The boundary
condition at z = z0 is simple Dirichlet boundary condition with fixed values
of the vector potential at the boundary nodes Ai,0 = A
(src)
i .
There are several possible treatments of the open boundaries [17]. The
simplest one is a truncation boundary condition, where we set A = 0 at the
boundaries. It can suffer some accuracy problems for the case when the bound-
aries are not far enough from the source. The more precise way to handle the
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open boundaries is the asymptotic boundary conditions. In cylindrical coordi-
nates and axisymmetric case the open boundary conditions for the magnetic







+ 2A = 0, (3.30)







+ 2Ai,j = 0. (3.31)
The finite-difference grid consists of inner nodes (i = 1, . . . ,M , j = 1, . . . , N)
and halo or ghost nodes( i = 0, j = 0, i = M + 1, j = N + 1). In the case
of Dirichlet boundary conditions the values in the halo nodes are not used
and can be set to zero. The above equations (3.29), (3.31) are written for the
inner nodes. The corner inner nodes require the special treatment in case of
Neumann or mixed boundary conditions since it depends on two ghost nodes.
In this case the boundary condition equation in this node must be written
twice, where the central difference will be replaced with appropriate forward
or backward difference to remove one unknown. We have only one corner
node with non-Dirichlet boundary condition in this case which corresponds
to z = zmax , r = rmax point. One can write the following finite-difference
equations:
rM










3AM,N − 4AM,N−1 + AM,N−2
2∆z
+2AM,N = 0. (3.33)
Forming the vector from the grid points values one can write the linear equa-
tion in the matrix form. The resulting matrix is sparse block-diagonal matrix
and it can be solved by iterative method for the system of linear equations.
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One of the effective procedures for this is Bi-Conjugate Gradient method [15],
which produces fast converging iterations and it can be effectively implemented
in the parallel frameworks. Once the vector potential values on the grid are






where we have used the backward finite difference derivative with plasma vac-
uum boundary condition A1,j = 0.
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Chapter 4
Code benchmarking and simulation results
4.1 Benchmarking
To benchmark the code, consider a highly super-Alvénic flow of a cold
plasma that comes out of a conical magnetic nozzle (all energy is in the longi-
tudinal ion motion along the magnetic field lines, i.e. ε⊥ = 0). The analytical
solution for the case without a vacuum gap between the plasma and the nozzle
wall was first presented in Ref. [2]. The alternative path to derive the conical
nozzle analytic solution can be developed by using self-similar solution tech-
nique. Using the Eqs. (2.33), (2.54), the governing system of equations in this




























































In an infinitely long conical nozzle with a perfectly conducting wall
located at r(z) = z tan θ0, the boundary condition at the nozzle wall is the
continuity of the normal component of the magnetic field. The magnetic field
outside the wall is zero, hence Br cos θ0 −Bz sin θ0 = 0. The radial component
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of the magnetic field vanishes at the nozzle axis (r = 0) due to the system
symmetry. Therefore we can construct the following solution for the magnetic










where Bz0 is the value of the z-component of the magnetic field at the nozzle
entrance position z0. The solution indicates that the magnetic field lines are
straight and starting at the coordinate system origin. The plasma motion is
decoupled from the magnetic field configuration in this case and the solution
for the Eqs. (4.3),(4.4) is not unique. The simplest choice is the radially
uniform ion density and kinetic energy. In this case we obtain for z > z0:




In the case of a finite-length conical nozzle (Fig. 4.1), the solution inside
the nozzle (z ∈ [z0, z∗], where z∗ is the z-coordinate of the nozzle throat)
is still given by Eqs. (4.5), (4.6), provided that the outgoing flow is highly
super-Alfvénic (no perturbations propagating backward) and that there is no
vacuum gap between the plasma and the nozzle wall. The plume consists of
an unperturbed main flow [Eqs. (4.5), (4.6)] and a rarefaction wave at the flow
edge.
The rarefaction wave is localized in a thin layer between the vacuum
and the unperturbed main plasma flow. To find the solution in the rarefaction







where r/z is the unperturbed main flow solution (essentially the slope of the
magnetic field line without the rarefaction wave) and δθ is a small correction
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Figure 4.1: The geometry of a conical nozzle. The nozzle wall is shown as a
thick solid line. The rarefaction wave (hatched region) is bounded by the inner
front line r = rrw(z) (the outer boundary of an unperturbed plasma flow) and
outer front line r = rpv(z) (plasma-vacuum boundary).




























































ε|| = 0, (4.11)
where we neglected the term Bzδθ/r in Eq. (4.8). This term is much smaller
than Bz∂(δθ)/∂r, because δθ varies in a thin layer in the highly super-Alfvénic
flow.
The non-derivative terms in the Eqs. (4.8) and (4.9) can be eliminated
by the replacing of the unknown functions Bz and δθ by new functions B̃z =
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Bzz
2/z2∗ and δ̃θ = δθz/z∗ correspondingly. We also set χ
2 = (8πniε||)/Bz. As










































































ε|| = 0. (4.15)
It is convenient to make a coordinate transformation in order to describe the




(r − zθ0) z′ =
z∗
z
(z − z∗) , (4.16)
where r′ = 0, z′ = 0 correspond to the nozzle throat wall position.






























































ε|| = 0. (4.22)
The main flow solution in new variable can be written as:
B̃z = Bz∗, δ̃θ = 0, χ = MA∗B
1/2
z∗ , ε|| = ε||∗, (4.23)




∗ , MA∗ and ε||∗ = ε||0 are z-component of the magnetic
field, the Alfvénic Mach number and the ion kinetic energy at the nozzle
throat correspondingly. The Alfvénic Mach number, which is the ratio of the












Introducing the self-similar variable ξ = r′/z′ = (r − zθ0)/(z − z∗) one




































Hence up to the sign value s = ±1 it can be resolved as:














The Eqs. (4.27), (4.28) and (4.31) can be integrated using the boundary con-
dition at the interface between the unperturbed main flow and the rarefaction
wave ξ = ξrw. Therefore,












From Eq. (4.30) we get






and at the interface between plasma and the rarefaction wave
ξrw = −s(1/MA∗). (4.34)
The relation (4.34) suggest the choice of the sign constant s. The Alfvén
Mach number is positive and ξrw = (rrw(z) − zθ0)/(z − z∗) < 0 because the
rarefaction wave is the perturbation of the main flow with boundary r = zθ0












(ξ − ξrw) . (4.36)
The plasma-vacuum boundary position can be determined from Eq. (4.35)
using the fact that the magnetic field vanishes there. Hence ξpv = −2ξrw.
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Thus the solution in all regions of the plasma flow is constructed. By
returning to original variables one can write the rarefaction wave solution as:
































ε||(r, z) = ε||∗, (4.40)
where r ∈ [rrw, rpv] and
rpv = zθ0 +
2
MA∗
(z − z∗) (4.41)
is the location of the plasma-vacuum interface and
rrw = zθ0 −
1
MA∗
(z − z∗) (4.42)
is the location of the inner wave front 1. The required values at the nozzle








∗)ni0 and ε||∗ = ε||0. A plot of
the solution given by Eqs. (4.5), (4.5), (4.37), (4.38) is shown in Fig. 4.2.
In order to simulate the conical nozzle shown in Fig. 4.1, with a di-
vergence angle θ0 and minimal nozzle radius rp, the magnetic field Bz0, ion
density ni0 and incoming ion kinetic energy ε||0 values must be set at the nozzle
entrance as initial conditions. Inside the nozzle, where z ∈ [z0, z∗], we impose
that the magnetic field boundary conditions corresponding the value of the
1The expression for rrw given here by Eq. (4.42) is slightly different from that given by
Eq. (77) in Ref. [2]. Equation (4.42) is a linear expansion of Eq. (77) with respect to the









































Figure 4.2: Analytical solution for a highly super-Alfvénic cold plasma flow
coming out of a conical magnetic nozzle with a divergence angle θ0 = 10
◦.
The contours show the levels of constant Bz, with the scale indicated on the
sidebar. The thick dashed line marks the inner front of the rarefaction wave
rrw(z). The incoming flow parameters at the nozzle entrance (z0 = 0.87 m)
are ni = 5.0 · 1020 m−3, ε|| = 250 eV, rp = 0.15 m and Bz0 = 600 G. The
Alfvénic Mach numbers at the nozzle entrance (z = z0) and the nozzle exit
(z∗ = 1.87 m) are MA0 = 3.74 and MA∗ = 17.3. The insets give radial profiles
of Bz in the incoming flow (z = z0) and in the plume (z = 2.37 m).
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magnetic field on the infinite nozzle wall Bp = Bz0r
2
p/(z
2θ20). To simulate the
rarefaction wave, we impose a sharply decreasing magnetic field at the plasma
boundary downstream from the nozzle exit (z > z∗). The pattern of the rar-
efaction wave is insensitive to the details of the decrease, as long as the field
decreases with z much faster than Bz0r
2
p/(z
2θ20). For example, the following







H − r2p)θH(z − z∗)
)
(4.43)
where RH << rp and θH(z − z∗) is Heaviside step function.
Note that the axial coordinate z is defined such that the nozzle’s wall
is located at r = θ0z for z0 ≤ z ≤ z∗.
Fig. 4.3 shows a well pronounced rarefaction wave at the plasma bound-
ary. As expected, the central part of the flow remains unperturbed. The good
agreement between Fig. 4.2 and Fig. 4.3 ensures that the code is reasonably
accurate.
4.2 Numerical examples of plasma detachment
Simulations presented in this subsection involve transition from sub-
to super-Alfvénic flow. The first example refers to cold ions with an initial
velocity directed along the guiding magnetic field. We consider a cylindrical
nozzle with a vacuum gap between the plasma and the nozzle wall. The
magnetic coils represent a long (semi-infinite) solenoid with an inner radius of
R = 0.25 m and with a uniform current distribution in the coils. The incoming
plasma radius is rp = 0.15 m. The ion energy in the incoming plasma flow is
ε|| = 10 eV, the incoming density is ni0 = 5.0 · 1020 m−3. These parameters








































Figure 4.3: Simulation results for a highly super-Alfvénic flow coming out of
a conical magnetic nozzle. The nozzle divergence angle and the incoming flow
parameters are the same as in Fig. 4.2. The thick dashed line marks the inner
front of the rarefaction wave rc(z) in the analytical solution.
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deep inside the nozzle is 600 G. Fig. 4.4 shows the behavior of the Alfvénic
Mach number MA in the plasma jet. The thick solid line separates the sub-
and super-Alfvénic regions in the plasma flow. The sub- to super-Alfvénic
transition occurs somewhat outside the solenoid, close to its end. The shape
of the shaded area in the plot shows that the plasma plume does not follow
the vacuum magnetic field lines from the solenoid, which is a clear evidence
of detachment. This conclusion also follows from calculations of detachment
efficiency (see Sec. 4.3).
The second example demonstrates detachment together with conversion
of ion gyro-energy into directed energy of the plasma jet. The nozzle is again
a semi-infinite solenoid with the inner radius R = 0.25 m. The incoming
plasma radius is rp = 0.1 m and the incoming ion gyro-energy is ε⊥ = 100 eV,
which is the same for all ions. The longitudinal energy is ε|| = 10 eV without
any spread in parallel velocities. The ion density is ni0 = 5.0 · 1020 m−3.
The corresponding power is 193 kW for argon plasma. A contour plot of the
transverse-to-longitudinal energy ratio presented in Fig. 4.5 shows that the
conversion of the ion gyro-energy into the energy of directed flow facilitates
detachment. Note that the plasma plume has a very small divergence angle
far away from the nozzle, where the ions are strongly super-Alfvénic and have
almost no gyro-energy left.
4.3 Nozzle efficiency
A measure of the thruster performance related to the degree of plasma
detachment from the magnetic nozzle is called “nozzle efficiency”. This term
requires some clarification when it is used as a quantitative characteristic. One




































Figure 4.4: Sub- to super-Alfvénic transition in the plume of a cylindrical
nozzle. The contours show the levels of constant Alfvénic Mach number MA,
with the scale indicated on the side-bar. The thick solid line separates the sub-
and super-Alfvénic regions in the cold plasma flow. The light gray bar marks
the location of the solenoid coils and the thin solid lines are the magnetic field
lines of the solenoid in the absence of plasma. The insets give radial profiles
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Figure 4.5: Transition from sub- to super-Alfvénic flow with a simultaneous
conversion of the ion gyro-energy ε⊥ into the axial energy ε||. The contours
show the levels of constant ε⊥/ε|| ratio. The thick solid line marks the location,
where ε⊥/ε|| = 1. The light gray bar marks the location of the solenoid coils
and the thin solid lines are the magnetic field lines of the solenoid in the
absence of plasma. The insets give radial profiles of ni in the incoming flow
(z = −0.3 m) and in the plume (z = 0.21 m).
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Hence the the power efficiency (ηP ) can be represented as the ratio of the





















where f0 and f∞, respectively, are the ion distribution functions at the nozzle
entrance and in the plume, vz is the axial component of the velocity, and the
integration is performed over the velocity space and over the plasma cross-
section.
In order to provide nozzle efficiency metric in terms of thrust it is ap-






The thrust efficiency ηT can be defined as a ratio of the momentum flux in
the plume to the maximum axial momentum that a given initial particle flux





















Both ηP and ηT can be calculated in a straightforward way based on a numer-
ical solution of Eqs. (2.33)-(2.34). In addition to the asymptotic expressions
(4.45) and (4.47), it is also useful to calculate similar quantities for interme-
diate axial locations, i.e. to replace f∞ by the local distribution function f .
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Figure 4.6: Intermediate values of the power and thrust efficiencies along the
flow (dashed and solid lines) for the nozzle with the parameters of Fig. 4.4.
The dotted and dash-dotted lines show ηP (z) and ηT (z) for εi=100 eV, instead
of εi=10 eV, for the same setup.
This modification transforms ηP and ηT into functions of z. Fig. 4.6 presents
the plots of ηP (z) and ηT (z) for the nozzle with the parameters of Fig. 4.4.
For comparison, Fig. 4.6 shows the result from the simulation with a different
ion energy of εi=100 eV. The actual efficiencies are the asymptotic values of
ηP (z) and ηT (z), whereas the transient behavior of ηP and ηT can be viewed as
an indicator of whether the flow is already detached at a given axial location.
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4.4 Detachment Demonstration Experiment
simulation
In order to demonstrate a plasma detachment scenario for high density,
high velocity plasma flows in a diverging magnetic nozzle which is relevant to
the VASIMR propulsion concept, an experiment has been performed at the
NASA Marshall Propulsion Research Center, Huntsville, Alabama [10, 12].
The Detachment Demonstration Experiment (DDEX) facility was specifically
designed to examine plasma behavior in a magnetic nozzle and directivity
of the plasma plume. The plasma expands into a vacuum chamber with a
diverging magnetic field formed by external coils. An experimental setup
scheme is presented in Fig. 4.7. The large chamber (2.75 m diameter and
5 m length) with high-vacuum conditions was chosen to minimize wall effects
and the charge exchange effect between ions and background neutral particles
[10]. Neutral background pressure measurements taken near the plasma source
show that the prepulse pressure is 2× 10−6 Torr, reaching as high as 2× 10−4
Torr after the pulse. Ion-neutral charge exchange effects at the highest mea-
sured pressure level such as flow deceleration and the plasma density increase
were not observed in the experiment.
The plasma source in DDEX is a washer-stack gun [14] operating at 200
kW in a pulsed regime. The washer gun consists of a stack of molybdenum
washers isolated by boron nitride ceramic washers. A molybdenum anode
and cathode at either end of the washer stack initiate the discharge arc. The
hydrogen or helium plasma plume is created by discharging a capacitor bank
with the typical pulse length of 3 ms.
The magnetic field of the nozzle is created by five separately powered
magnet coils: the plasma gun coil, the high field “choke” magnet coil and
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Figure 4.7: DDEX Experimental setup scheme (top view)
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Figure 4.8: Axial magnetic field on the experiment centerline for several coil
configurations
three external nozzle magnet coils wrapped around the chamber circumference.
The nozzle coils can be adjusted to create different magnetic configurations.
The magnetic field in the source is of the order of 0.1 Tesla, so that the
flow produced by the source is sub-Alfvènic. The axial magnetic field on the
experiment centerline due to external magnets is shown in 4.8. The majority
of experimental measurements were performed for the magnetic configuration
“2” (Fig. 4.8), which has nearly streight diverging magnetic field lines in the
nozzle region.
The measurements were conducted over multiple plasma pulses to pro-
vide radial and axial profiles of plasma ion flux, velocity, electron temperature
and density. The ion flux was measured by using cylindrical triple probes
[11] and guarded Faraday probes [37]. A microwave interferometer was used
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to obtain the electron density measurements. The plasma flow velocity was
estimated using the Mach probe and time of flight measurements from photo-
multiplier tubes (PMT) signal processing. The coordinate system used in the
analysis of the experimental data is defined as follows. The origin is in the cen-
ter of the choke magnet (see Fig. 4.7) and the chamber centerline corresponds
to z axis.
The electron temperature is measured to be Te = 1.2 ± 0.2eV for the
hydrogen plasma and the Mach probe measurements at z = 0.33 m give an
ion Mach number of M = 1.1 ± 0.2 which corresponds to 12 − 19 km/s flow
velocity. Time of flight analysis between two photomultipliers at z = 0.33 m
and z = 0.63 m suggests an average vz = 15± 5 km/s between the two PMTs.
Due to the nature of this diagnostic, the measurement is an average velocity
between the two stationary detectors. A third measurement at the interferom-
eter locations, z = 0.43 m and 1.85 m, comes from flux measurements using
probes and the electron density from the probe measurement. The centerline
ion flux combined with the electron density profile from the interferometers
results in a flow velocity of vz = 17 ± 5 km/s. All three velocity techniques
combine to suggest a constant hydrogen velocity of 16 ± 5 km/s throughout
the experiment and it is corresponds roughly to 2 eV of the ion energy in the
incoming flow.
The length of the pulse (3 ms) exceeds the ion travel time through the
vacuum chamber by an order of magnitude. This allows the flow to reach a
steady-state regime during the pulse. The interferometer measurements [3, 10]
reveal that the plasma density is indeed roughly constant for about 3 ms.
All measured ion density profiles approximately followed a Gaussian
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Figure 4.9: Plume radius for hydrogen shots at multiple axial positions
distribution:





where R(z) is the plume radius at half maximum. The plume radius R(z) for
the hydrogen plasma is shown in Fig. 4.9 along with the calculated plume
radius in the case when the ions are tied to the vacuum magnetic field lines
(no detachment case). The latter curve can be computed from the ion and
magnetic flux conservation and has the following equation:
R(z)/R0 = (Bz0/Bz(z))
1/2, (4.49)
where R0 and Bz0 are radius and axial magnetic field at the farthest upstream
probe measurement z=0.43 m. Based on the density and local velocity mea-
surements and vacuum magnetic field value, the trasition point z = z1, where
β = 1 on the experiment centerline, is also plotted in Fig. 4.9. In the MHD
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theory for the detachment scenario it is the position where the plum separates
from applied magnetic field lines and it is confirmed by the plot in Fig. 4.9.
The plasma flow is tied to the magnetic field lines for z < z1 and it deviates
from the no-detachment curve for z > z1, where z1 ≈ 0.85 m is the β = 1
transition point.
The plasma density profile measured at 1.85 m downstream from the
plasma source is shown in Fig. 4.10 [3]. The dash-dotted line shows the density
value that would correspond to a flow with measured incoming density moving
strictly along the magnetic field lines produced by the external coils without
any distortion by the plasma. Clearly, the measured value (circular markers
with the corresponding error bars in Fig. 4.10) is significantly higher. One
possible explanation of the large difference between the two density profiles is
that the flow stretches the magnetic field lines. This would make the flow cross-
section smaller and thus the plasma density higher compared to the case where
the magnetic configuration remains unaffected by the flow. However, for this
explanation to be conclusive, the background gas pressure has to be sufficiently
low, so that the ion mean-free-path with respect to charge-exchange collisions
is longer than the distance between the plasma source and the location where
the plasma density profile is measured. In reality, this requirement is only
marginally satisfied in the DDEX facility, which introduces an uncertainty in
the interpretation. Nevertheless, it is still appropriate to pose the question
of whether the field stretching mechanism alone can account for the observed
high density in the plume.
In order to compare the experimental measurements with the MHD
plasma detachment model results we carried out a simulation using the pro-
cedure described in Ch. 3. We use the experimentally measured density
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Figure 4.10: Measured and calculated radial profiles of the plasma density in
DDEX. The circular markers with the corresponding error bars are the exper-
imental data points [3]. The density value calculated under the assumption
that the flow does not affect the magnetic field configuration is shown with a
dash-dotted line. The solid line and dashed lines are the numerical simulation
results for εi = 2 eV and εi = 5 eV, respectively.
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at 0.47 m downstream from the source as an incoming flow in our calcula-
tions. The radial density profile is approximated by a Gaussian profile with
n = n0 exp(−r2 ln 2/σ2)H(rp − r), where n0 = 1019 m−3 is the peak density
at 0.47 m, σ = 0.0465 m is the profile half-width, rp = 0.093 m is the plasma
radius, and H is the Heaviside step-function. The vacuum field at the plasma
boundary is precalculated using the coil configuration “2” of DDEX. The ions
were assumed to have no gyro-energy.
The calculated radial density profile at 1.85 m downstream from the
source for the incoming flow with 2 eV ions is shown in Fig. 4.10 with a solid
line. For comparison, Fig. 4.10 also shows a density profile that would corre-
spond to 5 eV ions (dashed line). Taking into account the level of uncertainty
in the experimental values of the incoming flow ion energies, the numerical
simulation results showing good agreement (within a confidence range) with
experimentally determined density profile.
Fig. 4.11 shows the Alfvénic Mach number for the 2 eV ions. We
observe that the initially sub-Alfvénic incoming flow becomes super-Alfvénic
downstream. The divergence of the plasma flow is significantly less then the
divergence of the magnetic field lines calculated in the absence of plasma (thin
solid lines in Fig. 4.11).
Finally, the power and thrust nozzle efficiency as functions of the ex-
perimental centerline position is shown in Fig. 4.12. The plot for 2 eV in-
coming flow ion energy is presented. The efficiency plot confirms the plasma
detachment from the nozzle and shows the region where the flow is completely





































Figure 4.11: Simulation results of the plasma plume in DDEX. The contours
show the levels of constant Alfvénic Mach number MA, with the scale indicated
on the side-bar. The thick solid line separates the sub- and super-Alfvénic
regions. The thin solid lines are the magnetic field lines of the solenoid in the
absence of plasma. The insets give radial profiles of ni in the incoming flow
(z = 0.47 m) and in the plume (z = 1.17 m).
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Figure 4.12: The power and thrust efficiency η plot for 2 eV incoming flow ion




A physics-based numerical model of plasma detachment from a mag-
netic nozzle for a given supersonic (but sub-Alfvénic) incoming flow is pre-
sented. Motivated by the needs of the VASIMR project, this model involves
two important approximations relevant to high-power plasma thrusters. First,
the choice of supersonic incoming flow helps to separate the detachment issue
from the problem of creating such an input flow and allows to safely neglect
any effects associated with electron pressure and the ambipolar electric field.
The problem thus is reduced to dealing with a charge-neutralized ion flow in
a self-consistently determined magnetic field. Second, the practical need for
the nozzle to be efficient gives strong preference to slowly diverging flows with
paraxial magnetic field inside the plasma, which brings significant technical
simplifications into our description of a steady-state flow.
Direct solution of a steady-state problem, as opposed to an initial value
problem, eliminates the need to deal with transient phenomena that are of sec-
ondary importance for continuously operating plasma thrusters. The steady-
state formulation of the problem is also advantageous in terms of computa-
tional requirements, which makes the presented model suitable for exploring a
range of plasma parameters and magnetic coil configurations needed to design
an optimum nozzle.
The numerical code was benchmarked against the analytical solution for
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the rarefaction wave at the edge of the plasma plume in the conical nozzle and
then used to examine situations that are not analytically tractable, including
the plasma flow in a recent detachment demonstration experiment (DDEX)
at the NASA Marshall Space Flight Center [3, 10, 12]. Numerical simulations
for the DDEX yield density profiles in good agreement with the experimental
results. It was demonstrated that a sufficiently energetic plasma can indeed
detach from a magnetic nozzle. The developed numerical procedure can serve





Magnetic field line label
Let us consider an arc element on the magnetic field line in the ax-
isymmetric geometry using cylindrical coordinate system db = drer + dzez .
It must be parallel to the magnetic field, i.e. db×B = 0. Hence Brdz = Bzdr
or dr = Br/Bzdz, which is an equation for the surface with axis z as an axis
of symmetry. The equation for the magnetic field line can be written using
some point which the field line pass through as an initial value:






In some cases, it is convenient to introduce the new coordinate system re-
lated to the magnetic field lines r0 = r(z = z0) and z̃ = z. The coordinate
transformation can be written as:





dz′, z = z̃. (A.2)
















































The directional derivative along the magnetic field line in cylindrical coordi-
nates has the following expression:












and in the magnetic field line coordinate system it becomes:





If the directional derivative of some quantity is zero then that quantity is
constant along the magnetic field lines and depends only on the r0 coordinate
which labels a magnetic field line.
In terms of the magnetic vector potential B = ∇ × A the magnetic











where Aφ is an azimuthal component of the magnetic potential which is the
only non-zero component in the axisymmetric case. Since the magnetic field














the direct comparison leads to the conclusion that:
Φ = 2πrAφ = const. (A.13)
59
Appendix B
Magnetic field of the current coil encircling an
ideally conducting rod
The current coil has radius r0 and it is located in the x-y plane, centered
at r = 0, z = z0 and carries a current I which is positive as shown in Fig. B.1.
It is assumed that the cross section scale of the coil is negligible, compare to
its radius. The infinite ideally conducting rod with cylindrical cross section is
centered at axis of symmetry (z-axis) and has radius rc.
In cylindrical coordinates the equation for the vector potential with the


















Iδ(r − r0)δ(z − z0). (B.1)
























with a general solution:
Z(z) = C1 sinα(z − z0) + C2 cosα(z − z0), (B.4)
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Figure B.1: The geometry of the current coil encircling an ideally conducting
rod.







− (α2r2 + 1)R = 0, (B.5)
with the solution in therms of modified Bessel functions:
R(r) = C3I1(αr) + C4K1(αr). (B.6)










The mirror symmetry with respect to z = z0 requires Br(r, z = z0) =
0. At the surface of the ideal conductor r = rc the radial component of
the magnetic field is zero Br(r = rc, z) = 0 and it is also vanishes far from
the source, i.e. Br(r → ∞, z) = 0. Therefore dZ/dz = 0 at z = z0 and
R(r = rc) = R(r → ∞) = 0. Since I1(αr) diverges at r → ∞ and sinα(z−z0)
is asymmetric function at z = z0 we can write the solution of the problem in
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C(2)(α)K1(αr) cosα(z − z0)dα, (B.9)
where wc = I1(αrc)/K1(αrc) and the region 1 is the volume rc < r < r0 and
the region 2 is the volume r > r0.
The radial component of the magnetic field:
B(1)r (r, z) = −
∫ ∞
0
αC(1)(α) [I1(αr) − wcK1(αr)] sinα(z − z0)dα, (B.10)
B(2)r (r, z) = −
∫ ∞
0
αC(2)(α)K1(αr) sinα(z − z0)dα, (B.11)
and the axial magnetic field component can be obtained using the recurrence
relations for the modified Bessel functions:
B(1)z (r, z) =
∫ ∞
0
αC(1)(α) [I0(αr) + wcK0(αr)] cosα(z − z0)dα, (B.12)
B(2)z (r, z) = −
∫ ∞
0
αC(2)(α)K0(αr) cosα(z − z0)dα. (B.13)
The boundary conditions for the magnetic field at the cylindrical sur-
face r = r0, where the current coil is located, are the continuity of the normal





















δ(z − z0). (B.15)





























δ(z − z0). (B.17)





cosα(z − z0) cosα′(z − z0)d(z − z0) = δ(α− α′), (B.18)
we can obtain the following linear system of equations for the coefficients C(1)
and C(2):
(





















Open boundary conditions for the magnetic
field
In order to formulate the open boundary conditions for the magnetic
field let us consider the equation for the vector potential far from sources in






















A = 0. (C.1)





























A = 0. (C.4)
In cylindrical axisymmetric coordinates (r = R sin Θ, z = R cos Θ) the above







+ 2A = 0. (C.5)
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It should be noted that the first term in the vector potential expansion (the one
we keep) corresponds to the magnetic dipole field but the dipole moment can
be calculated by integration of currents only in the case without plasma. It also
suggests an alternative way of the asymptotic boundary condition derivation.
Let us consider the dipole field of unknown system of currents with magnetic


















Taking the vector product of the radius vector and the magnetic field we get:







In cylindrical coordinates and axisymmetric case we can rewrite the above
equation as follows:
−rBz + zBr = A. (C.9)















+ 2A = 0. (C.11)
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